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Introduction
A variety of industrial devices involve two-phase flows and many of them are non-isothermal. In combustion chambers, for example, fuel is injected in liquid state at a relatively low temperature into a hot, turbulent flow. Due to hydrodynamic forces, the liquid is atomized into droplets. The subsequent evaporation of the droplets' cloud is driven by heat exchange between the carrier and the dispersed phase. Moreover, temperature fluctuations may have a strong impact on the local evaporated fuel mass fraction as evaporation is a non-linear phenomenon. The resulting fluctuations of local equivalence ratio are known to have a negative impact on ignition, flame propagation or even combustion instabilities [1, 2, 3] . An accurate description of heat transfer to the dispersed phase is therefore necessary. 
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Very few studies have directly tackled the issue of particle temperature dispersion, which is mainly due to the lack of experimental data of nonisothermal two-phase flows [4] . Recent experimental techniques -such as rainbow thermometry-seem promising but further improvements are required [5] . An alternative is to use Direct Numerical Simulations (DNS): a few studies of non-isothermal academic configurations, coupled with lagrangian tracking of particles, have been carried out. The mechanism of twophase heat and turbulent transport by particles was investigated in an decaying isotropic turbulence with an imposed temperature gradient in the fluid [6] :
it was found that the particle temperature fluctuation and velocity are well correlated in the direction of the imposed temperature gradient. Jaberi et al. [7] investigated the effects of the particle dynamical response time, τ p , the Prandtl number, Pr, the Reynolds number, Re and mass-loading ratio, r ml , on the statistics of particle temperature in a non-isothermal isotropic turbulence with stationary velocity and temperature fluctuations. They showed that particle temperature fluctuations decrease as τ p , Pr, Re and r ml increase.
An extension of this work [8] showed that the response of particle temperature is different when the fluid and particle temperature decay in isotropic turbulence. In this case, the variance of the fluid and particle temperatures increase when the magnitude of r ml × Pr increases. Shotorban et al. [9] studied the dispersed-phase temperature statistics in particle-ladden turbulent homogeneous shear flow in the presence of mean temperature gradient. They found that the particle temperature variance increases when the ratio of specific heat increases.
The Eulerian-Lagrangian (EL) approach is as a powerful tool to under-3 hal-00811401, version 1 -10 Apr 2013 stand and simulate two-phase flows in academic configurations. However, the lagrangian tracking of individual particles for the simulation of a realistic industrial configuration is still beyond reach because of the large number of droplets. An alternative is to model the dispersed phase as a continuum, like the carrier: this approach is called Eulerian-Eulerian (EE). The equilibrium Eulerian approach, recently extended to non-isothermal flows gives promising results [10] but is adapted only to particles with sufficiently small dynamical and thermal inertia. The statistical approach proposed by Février et al. [11] , called the Mesoscopic Eulerian formalism (MEF), is able to reproduce local and instantaneous properties of particles embedded in a turbulent fluid flow [12] . The cornerstone of the MEF is the partitioning of the particle velocity field into two contributions: a continuous, self-coherent velocity shared by all particles called the mesoscopic field and a spatially uncorrelated contribution referred to as Random Uncorrelated Motion (RUM). This formalism showed its ability to simulate correctly turbulent two-phase flows in a complex geometry [13] and was recently extended to non-isothermal conditions [14] . A priori tests in a non-isothermal droplet-laden turbulent planar jet [15] show the ability of this approach to describe an evaporating dispersed phase interacting with a turbulent flow. The objective of the present work is twofold:
1. study the influence of the particles' thermal inertia in a configuration representative of a spray injection in a combustion chamber.
2. and propose an a posteriori validation of the MEF extended to nonisothermal flows.
The organization of the paper is as follows: the two solvers and modeling 4 equations are described in Sec. 2; the configuration and boundary conditions are then presented in Sec. 3; finally the results are presented in Sec. 4 with detailed validation of the dynamics and temperature of the dispersed phase.
Description of the solvers and modeling equations
These simulations are carried out by two different codes developed at CERFACS and CORIA:
• a dilatable low-Mach solver (Asphodele -CORIA) with lagrangian tracking of individual particles.
• a compressible code (AVBP -CERFACS), where the MEF has been implemented.
Carrier phase flow solvers
Numerical methods used for the carrier-phase flow solvers have been already described in the litterature [16, 17, 18] and are only summarized here.
Boundary conditions are treated in Sec. 3.2. AVBP solves the compressible Navier-Stokes equations. A third-order in time and space, finite-element scheme TTGC [19] is used for the carrier and dispersed phase. Asphodele is a DNS structured low-Mach solver. It uses a fourth-order finite-difference scheme for the gas and a third-order explicit Runge-Kutta scheme with a minimal data storage method [20] for both carrier and dispersed phases. A third-order interpolation is employed for the determination of gaseous phase properties at the location of a particle. 
Eulerian/Lagrangian formulation
As described by Reeks [21] , it is possible to take into account many forces to characterize the particle dynamics. However, because of the high density ratio between dispersed and gas phases, only the drag force, which is prevalent, has been retained. Additionally, several usual assumptions have been made: some of them are given in the following, but details may be found in a reference paper of Sirignano [22] . First, the spray is supposed dispersed and each particle is unaware of the existence of the others. Any internal heterogeneity or particle rotation is neglected and an infinite heat conduction coefficient is assumed in the particle. As a consequence, the particle temperature remains uniform but evolves with time. As a first approach and because of the dispersed nature of the flow, a one-way coupling has been considered.
By denoting V p and X p the velocity and position vectors of a particle, respectively, the following relations are used to track particles throughout the computational domain:
The vector U (X p , t) represents the gas velocity at the particle X p . The right hand side term of Eq. (1) stands for a drag force applied to the particle and τ p is the kinetic relaxation time:
6 where d p is the particle diameter, ρ p is the dispersed phase density and µ f is the gas viscosity. The heating of each particle is caracterized through
where the characteristic relaxation time τ θ is defined as:
where the gas and particle constant heat capacities are denoted C f and C p , respectively. P r is the Prandtl number. The particle-to-fluid heat capacity ratio is α = C p /C f .
Eulerian/Eulerian formulation: the Mesoscopic Eulerian Formalism

General presentation
The MEF was originally presented by Février et al. [11] : using Direct Numerical Simulations, they observed that two arbitrarily-close particles may have drastically different velocities. In other words, the ratio of the two-point correlation between particle velocities and the particle kinetic energy does not reach unity when the distance goes to zero (c.f. their Fig. 3 ). Based on this observation, the cornerstone of the MEF is a statistical-average operator,
•|H f that corresponds to the average over all particle realizations for a fixed carrier-fluid realization H f . This operator splits the particle velocity,
shared by all particles called the mesoscopic field and a spatially uncorrelated contribution, δu p , referred to as Random Uncorrelated Motion. One has
where x p (t) is the position of the particle at time t. Similarly, one can decompose the particle temperature T p into its mesoscopic, T p , and uncorrelated, δT p , components:
From the perspective of particle dynamics, it can be simply said that the mesoscopic velocity and temperature are related to the coupling with the carrier phase, through drag and heat transfer, and that the RUM is caused by the inertia of the particles. Indeed, because of inertial effects, two particles may get to neighboring locations with different trajectories and therefore different properties (velocity, temperature, etc.). Consequently, for particle dynamics, the ratio of the inertial and viscous time scales acting on the particles is central for the evaluation of the relative importance of the mesoscopic and uncorrelated contributions. This ratio is the Stokes number, St, defined
where τ p is the particle relaxation time and τ f a time scale typical of the carrier phase. Using the particle thermal time scale τ θ a thermal Stokes number, St θ , may be also defined as
The dynamical and thermal particle relaxation times, τ p and τ θ , have been defined in Eq. 3 and Eq. 5, respectively. However, the choice of a characteristic time, τ f , for the carrier fluid can be ambiguous depending on the configuration [23] . For the present configuration (c.f. Sec. 3), the momentum thickness at the inlet boundary condition, δ θ , is chosen as the reference , is chosen as the reference velocity, leading to:
Governing equations
The set of Eulerian equations for a non-isothermal dilute particle flow in the mesoscopic formalism was derived by Masi [14] :
whereñ p is the mesoscopic particle number density and u f and T f the fluid velocity and temperature, respectively. There are two unclosed terms in these equations corresponding to the RUM velocity stress tensor, δR p,ij , and the RUM heat flux, δΘ p,j , defined as:
Models for the RUM
The RUM velocity stress tensor is decomposed into its spherical and deviatoric parts as
where δθ p = 1/2 δR p,kk is the RUM kinetic energy. hal-00811401, version 1 -10 Apr 2013
Recently, Masi et al. [24] proposed a viscosity-like model for the deviatoric part δR * p,ij , assuming the axisymmetry of tensors, their alignment and a onecomponent limit state:
where S * p,ij is the deviatoric part of the mesoscopic particle rate-of-strain tensor, S the square root of its second invariant, and III s its third invariant.
This RUM model, denoted AXISY-C, was found to improve significantly the prediction of RUM stresses in comparison with the previous model [25, 24, 13] . The main difference is that it now accounts for positive and negative local viscosity and use a more appropriate timescale F (S −1 ), predicting a better mean dissipation.
Then, a transport equation is solved for the RUM kinetic energy:
The third-order velocity correlation δQ p,ijk = δu p,i δu p,j δu p,k |H f in Eq. 18 is modeled as suggested by Kaufmann et al. [26] :
With this, Eq. 12 is closed so the last contribution to model is the RUM heat flux δΘ p in Eq. 13. The present work being an a posteriori evaluation of the influence of RUM heat fluxes on an academic configuration, it was decided to use as little additional modeling as possible for δΘ p . Consequently, we opted for a resolution of the conservation equations for δΘ p derived by Masi [14] :
with the only assumption that the third-order contribution δ∆ p,ij = δu p,i δu p,j δT p |H f could be neglected. This last assumption is solely based on pragmatism as we do not yet have models available for this term.
Configuration and boundary conditions
Computational domain
The configuration ( three-dimensional test case by Masi et. al [15] . Here, to focus on the effects of heat transfer, using two-dimensional simulations is sufficient to investigate the effects of the RHS terms in Eq. 13.
Mesh and boundary conditions
Both solvers use a cartesian mesh with 1024 cells in x direction and 512 cells in y direction. Mesh independency was thoroughly checked with both solvers: the results presented here are the same with half the current resolution in both directions. Because Asphodele is a low-Mach solver while AVBP is fully compressible, the treatments of inlet and outlet boundary conditions differ: Asphodele uses Dirichlet conditions while AVBP uses characteristic boundary conditions [27] and their recent extension accounting for transverse terms at outlets [28] . Finally, the upper and lower boundary conditions are treated as symmetries.
Axial velocity and temperature of the carrier and dispersed phase, as well as particle volume fraction, are injected with the general hyperbolic profile
where φ j and φ c denote the considered quantity in the jet and co-flow, respectively. All quantities are injected with the same profile in both codes.
Turbulence injection
For a meaningful comparison of the dispersed-phase properties in the two solvers, it is mandatory that they both compute the same carrier phase. It is necessary that the statistics of the carrier to be identical but we have 
Dispersed phase characteristics
The dynamics of the dispersed phase is governed by the Stokes number, St, while its temperature is driven by the thermal Stokes number St θ . Fol-lowing Eq. 3 one has to prescribe a particle diameter d p and density ρ p . For this particular flow, with our choice of fluid characteristic time (Eq. 10), it was found that significant preferential concentration (c.f Fig. 4 Hereinafter, all the statistics of the dispersed-phase used for the validation procedure are conditional averages. The conditional-average operator of a mesoscopic quantity, <φ > p is defined as
where {•} is the time-average operator andñ p the mesoscopic number density. For the sake of simplicity, the brackets are dropped in the rest of the paper.
Results and analysis
Carrier phase
As described in Sec. 3.3, it is mandatory that the gaseous phase in both solvers be identical, which is verified in this section. For the sake of compactness, only two statistics, most relevant for the present study are presented: the kinetic energy and rms of the temperature. These variables are important for the preferential concentration and temperature dispersion of the particles but all other gaseous variables compare accordingly between the two solvers.
The kinetic energy of the gas along six transverse cuts of the domain is presented in Fig. 3(a) . Mixing layers at the edges of the jet spread with a slight preference into the low-speed streams, which is consistent with theory [32] . The maximum of the kinetic energy increases with x ⋆ , first rapidly from the inlet to x ⋆ = 6 and then more slowly. At x ⋆ = 6, the kinetic energy at the center of the jet, begins to increase. The agreement between the two solvers (AVBP and Asphodele) is excellent. Then, the rms of gas 16 temperature is shown Fig. 3(b) . As for the kinetic energy, two regions can be distinguished: for x ⋆ < 6 the level of rms increases in the outskirts of the jet while for x ⋆ > 6 the center of the jet is contaminated and the maximum of rms remains roughly constant. Again, the agreement between the two solvers is excellent, which allows for meaningful analysis of the dispersed phase.
Dynamics of the dispersed phase
Since the three runs of Tab. 2 differ only through the thermal Stokes number, the particle positions and velocity fields are the same for the three runs. A qualitative comparison of the particle field at t ⋆ = 2 is shown in Fig. 4 . As observed in other configurations [33] , particles concentrate in regions of high shear and low vorticity. The qualitative agreement between the two codes is remarkable. In particular, thanks to the identical turbulent velocity at the inlet, both fields show the same features at the same location.
For a quantitative validation, the time average of the volume fraction over transverse cuts is presented in Fig. 5(a) . The agreement is excellent between the Eulerian and Lagrangian simulations. For a validation of the dynamics of the dispersed phase in the Eulerian solver, the time-averaged mesoscopic turbulent kinetic energy,q Fig. 5(b) . At the inlet boundary condition, there is no agitation in the dispersed phase so (Fig. 6(a) ) and rms ( Fig. 6(b) ) of the particle temperature. As 
Conclusions
The simulation of a two-dimensional turbulent non-isothermal jet laden with solid particles has been carried out using Eulerian-Eulerian and Eulerian- 
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